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Abstract
Structural heterogeneity of amorphous solids is intimately connected to their mechanical be-
havior. In this letter, based on a perturbation analysis of the potential energy landscape, we
derive a new structural indicator, termed the atomic nonaffinity, which qualifies the contribu-
tion of an individual atom to the total nonaffine modulus. We find that the atomic nonaffinity
can efficiently characterize the locations of shear transformation zones as well as their protocol-
dependent response arising from their orientational nature. We show that the predictive power of
this structural indicator outperforms a previously proposed normal modes-based approach, which
neglects the orientational information of local structure. These results provide new insight towards
understanding and characterizing the plastic response of amorphous solids.
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Understanding how the heterogeneity of amorphous structures correlates with mechanical
response remains a significant challenge. Different structural indicators have been proposed
to quantitatively predict the plastic response, such as free volume [1], density [2], five-fold
symmetry[3, 4], low-frequency normal modes [5–8], potential energy [9], local elastic mod-
ulus [10], local thermal energy [11], flexibility volume [12], and local yield stress [13, 14].
However, excluding the local yield stress that directly tests the local plasticity, none of these
indicators have been demonstrated to reveal the orientation of shear transformation zones
(STZ) that mediate plastic response. Indeed, most of previously proposed structural indi-
cators are inherently scalar quantities while deformation mechanism must have a shear-like
character. This is clearly borne out by the fact that the orientational nature of STZs can
be measured through their high sensitivity to the deformation protocols. As verified in
simulations, under different protocols, STZs may have quantitatively different mechanical
responses, and often entirely different STZs may be activated [11, 13–16]. A tensor-based
or protocol-dependent structural indicator is needed to reveal the orientational information
that would indicate what sense of shear would trigger a local event at a particular loca-
tion. In this letter, based on a perturbation analysis of the energy landscape, we derive
a new structural indicator, termed the atomic nonaffinity. We will show that the relevant
orientational information is naturally reflected in this parameter. The predictive power of
this structural indicator exceeds that of the method of analyzing the atomic participation
in normal modes proposed by Manning and Liu [7, 8].
In athermal quasistatic deformation, the elastic constants can be derived from the sec-
ond derivative of the total potential energy. Following Maloney et al. [5, 17], but in the
coordinates of the normal modes, the elastic constants can be obtained as
Cijkl =
1
V
(
∂2U
∂ij∂kl
+
∑
m
∂2U
∂qm∂ij
· dqm
dkl
)
, (1)
where U is the potential energy, V is the volume, and qm is the m
th coordinate of the
eigenbasis corresponding to the Hessian matrix ( ∂
2U
∂r0i∂r0j
). The first term of Eq. 1, often
called Born term, is the contribution due to affine displacement, while the second term
represents the contribution from nonaffine relaxation in each normal mode. Cheng et al. [18]
once observed that the nonaffine modulus of a system is much more sensitive to structural
stability than the affine modulus (Born term). Considering that the stress of the system
can be expressed as σij =
1
V
∂U
∂ij
and dqm
dkl
= − 1
λm
∂σkl
∂qm
[5], where λm is the eigenvalue of m
th
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normal mode, the nonaffine contribution to the modulus from the mth normal mode can be
rewritten as
C˜ijkl,m = − V
λm
∂σij∂σkl
∂q2m
. (2)
We note that the nonaffine modulus contribution C˜ijkl,m is always negative and the nonaffine
modulus of system can be written as C˜ijkl =
∑
m C˜ijkl,m.
For one mode, different atoms often contribute differently. We may express the nor-
malized eigenvector as Ψm =
∑
n,α cmnαenα, where enα is a unit vector corresponding to
the displacement of nth atom in the α(= x, y, or z) direction, and cmnα is the projection of
the mth eigenvector on the basis of Cartesian coordinates enα. Summing the contributions
from different modes, the atomic nonaffinity that qualifies the atomic nonaffine modulus
contribution of each individual atom can be obtained as
Cˆijkl,n =
∑
m,α
− V
λm
∂σij∂σkl
∂q2m
c2mnα. (3)
In this way, the nonaffine modulus of a system can also be written as a sum of the atomic
nonaffinity of each atom as C˜ijkl =
∑
n Cˆijkl,n. Since the nonaffine contribution to the
modulus must converge to a finite value in the thermodynamic limit, the atomic nonaffinity
must scale like 1
N
(N is number of atoms in the system), generally being smaller for atoms
in large system. To understand the atomic nonaffinity, we will simplify the above tensor
expression to the case specific to the shear protocol, which is the most common deformation
protocol of interest since local plastic rearrangements are typically shear-like [19, 20]. In
the remainder of this letter, we focus on the atomic shear nonaffinity, which is the shear
component of the atomic nonaffinity and depends on the specified shear direction. Based
on Eq. 3, the atomic shear nonaffinity can be obtained as
Gˆn =
∑
m,α
− V
λm
(
∂τ
∂qm
)2
c2mnα, (4)
where ∂τ/∂qm is the derivative of shear stress with respect to coordinate qm along the m
th
mode. The physical meaning of atomic shear nonaffinity is close to the literal meaning
of “softness”: when shearing the system, the atoms with large atomic shear nonaffinity
(absolute value) will exhibit an enhanced nonaffine displacement that contributes to the
relaxation of the stress of the system, while atoms with small atomic shear nonaffinity will
be stiffer, exihibiting relatively small nonaffine displacement. Additionally, the atomic shear
nonaffinity is protocol-dependent; this reflects the orientational nature of local structure.
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To demonstrate the features of atomic nonaffinity, we calculate this quantity for atoms
in a two-dimensional binary glass system (noted as sample 1), comprised of 10,000 atoms
modeled using the same smoothed Lennard-Jones potential described in Ref. [13, 14]. The
system was prepared via the same gradual quench described in Ref. [13, 14]. To check
whether atomic nonaffinity quantifies the orientional information associated with a single
STZ, sample 1 is then sheared in quasistatic simple shear in the xy direction until the first
plastic event is close to triggering (∆γc = 3.8 × 10−5). Based on Eq. 4, the atomic shear
nonaffinity in the xy direction of each atom in the current state is calculated, and its spatial
distribution is shown in Fig. 1(a). Atoms in one region exihibit a much more negative value
of atomic shear nonaffinity than atoms in other regions. Furthermore that region was verfied
to be the location of the first plastic event upon further shearing. Thus, we can conclude
that atomic nonaffinity can characterize the region nearing the onset of a localied plastic
instability in a specified protocol. The reason is that when the deformation of a system
is close to a triggering point, the soft mode correpsonding to the plastic event typically
becomes highly localized and will have a small eigenvalue. As a result, this mode dominates
the nonaffine modulus contribution based on Eqs. 3 and 4.
To show the orientational nature of the STZ, we calculate the Gˆxy of the atom, with the
most extreme value of nonaffiniy in the initially tested shear direction, in different shear
directions, which is done by rotating the coordinate system. As shown in Fig. 1(b), the
atomic shear nonaffinity of this atom is highly anisotropic and while it is soft in one protocol,
it is stiff in another protocol. This structural indicator helps explain why the locations of
plastic events that will be triggered are sensitive on the shear protocol. The atomic shear
nonaffinity field of the whole system in a shear protocol chosen such that the atomic shear
nonaffinity of the STZ is minimized (θ ≈ 57.4◦) is plotted in Fig. 1 (c). One can see that
the region is stiff when compared with other regions. The anisotropy of the atomic shear
nonaffinity can be ascribed to the anisotropy of the soft mode corresponding to the shear
transformation event, as shown in Fig. 1(d). Upon shearing, that mode becomes the mode
with the lowest eigenvalue, excluding the trivial translational mode. From Eq. 4, we can
see that the mode with lowest eigenvalue can dominate the atomic nonaffinity of the atoms
in regions close to triggering. Thus, the anistropic behavior of atomic shear nonaffinity of
the atoms in a STZ nearing triggering is closely related to the anistropic behavior of its
corresponding normal mode.
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We can further verify this by deforming the system in different shear directions. The
results of measuring the triggering strains as a function of shear direction are shown in
Fig. 2(a). The anisotropic deformation behavior is what would be expected according to
the anisotropic behavior of atomic shear nonaffinity shown in Fig. 1(b). That is to say
that the triggering strain is lowest when the magnitude of atomic nonaffinity is highest.
The measured triggering strain is close to our predictions using a method developed based
on a previous approach [16, 21] (See supplemental materials for more information). This
structural indicator helps explain why the locations of plastic events that will be triggered
are sensitive to the shear protocol. Moreover, when plotting the displacement field of the
lowest eigen-mode in Fig. 2(b), the field, which corresponds to the direction of the plastic
rearrangement manifests a shear-like motion, and the shear direction is close to the soft
direction shown in Fig. 1(b) and (d). Thus, a shear transformation event will be most
easily triggered when the system is sheared in its intrinsic shear direction. The intrinsic
shear direction is also reflected in the atomic shear nonaffinity of atoms in the STZ. We
note that though both the atomic shear nonaffinity and the triggering strain of the plastic
event reach its extremum at same shear direction, they follow different variational laws, with
Gˆ ≈ Gˆmax · cos2[2(θ− θmax)] and ∆γc = ∆γc,min/ cos[2(θ− θmax)], based on the rule of stress
transformation (See supplemental materials for more information).
Predicting plastic events from analysis of an amorphous system’s initial structure has
been extensively studied in the literature [6–8, 11, 13, 16, 22, 23]. Since the orientational
information of local structure is reflected in atomic nonaffinity, we expect its predictive power
should outperform the previous normal-mode-based approach [6–8], which has been shown
to be highly correlated with plastic events. Fifteen two-dimensional samples obtained via
the same preparation process as sample 1 are used to test the predicative power of atomic
nonaffinity. We calculated the atomic nonaffinities of the atoms in undeformed as-quenched
initial structures of these systems. These values are used to predict plastic events under
a subsequent shearing protocol, and the success of these predictions is quantified using a
correlation value proposed by Patinet et al. [13]. In this approach, a prediction success factor
is defined by
Cn = 1− 2CDF(Gˆn), (5)
where CDF(Gˆn) is the cumulative distribution function of atomic shear nonaffinity of all the
atoms in the system, and Cn is predicted relative likelihood of observing a plastic event at the
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location of the atom with index n, a value within the range [−1, 1]. Each sample is deformed
using an athermal quasistatic shear protocol [24] with a strain step of ∆γxy = 10
−5. Each
stress drop in the stress-strain curve associated with the resulting deformations corresponds
to the triggering of one plastic event. The displacement field of each event is calculated from
the configurations before and just after the triggering. The core position of a plastic event
is identified by the atom with maximum value of D2min [20] obtained from the corresponding
displacement field. If the core atom has a high correlation value Cn, we consider that this
plastic event has a high correlation with the structural indicator. A map of the correlation
values of atomic shear nonaffinities for one system is shown in Fig. 3 as an example. It is
apparent that the plastic events marked by “X”, epecially the early ones plotted with large
sizes, tend to occur in regions with high correlation values. In the meantime, correlation
values of participation fractions [7, 8] from the lowest 1% of all eigenmodes are also obtained
for comparison. The average correlation between the atomic shear nonaffinities, participation
fractions and the locations of plastic events as a function of event index is shown in Fig. 4.
Both methods show a high correlation with the early plastic events, but their correlations
decrease both due to the limits of this perturbative analysis to capture all the relevant
features of the complex energy landscape, and due to the rearrangement of glass structure
caused by the plastic events. As the information regarding the deformation protocol and all
the normal modes are considered in calculating the atomic nonaffinity, the predictive power
of atomic nonaffinity outperforms that of the participation fractions.
In conclusion, we have derived a general structural indicator, the atomic nonaffinity. It is
well-defined and is easy to apply in systems beyond the 2d Lennard-Jones system discussed
here. The atomic nonaffinity has a clear physical meaning in that the summation of atomic
nonaffinities corresponds to the total nonaffine modulus of the system. The anisotropic
nature of atomic shear nonaffinity correlates with the anisotropic mechanical response of
local regions, which is important for understanding the mechanical behavior of amorphous
solids and is not reflected in other structural indicators that have been proposed to date
other than the local yield stress [13]. As atomic nonaffinity is developed based on the
nonaffine response of atoms upon deformation, it naturally has a good correlation with
the plastic events, outperforming soft-mode-based approaches that neglect the orientational
information of local structures. The atomic nonaffinity distribution of a given system also
reflects the heterogeneity of the system on an atomistic scale. We anticipate that this
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structural measure will be important for elucidating the structural origin of the anisotropic
mechanical response in specific systems.
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FIG. 1. (a) Spatial distribution of the atomic shear nonaffinity in the xy direction for sample
1 measured at a strain close to triggering. The location of the plastic event (shown in detail
in the inset) is identified as the region with the largest magnitude of atomic shear nonaffinity.
(b) The magnitude of the atomic shear nonaffinity of the atom with maximum Gˆn(θ = 0) when
the coordinate system is rotated to different angles. (c) Spatial distribution of the atomic shear
nonaffinity for sample 1 when the shear direction is rotated to a specified angle, at which the
atomic shear nonaffinity of the STZ studied is minmized. (d) The magnitude of the nonaffine shear
modulus contribution associated with the lowest mode when the coordinate system is rotated to
different angles. Red represents that the nonaffine shear modulus contribution will increase upon
further shear deformation, while blue represents that the nonaffine shear modulus contribution will
decrease upon further shear deformation. The derivation of nonaffine shear modulus of this mode
is demonstrated in the supplemental materials.
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FIG. 2. (a) The predicted triggering strain and the simulated triggering strain as a function of
different shear angles. (b) The vector field here shows the displacements associated with the mode
with lowest eigenvalue around the region of the corresponding STZ, and each arrow starts from
the position of the corresponding atom.
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FIG. 3. The correlation field of atomic shear nonaffinity and plastic event core locations. Each
atom is colored according to their correlation value. The core locations of plastic events are marked
by an “X”. The bigger the marker, the earlier the corresponding event was triggered. All the events
before shear strain 12% are shown.
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FIG. 4. Correlation between both the atomic shear nonaffinity and the participation fractions with
the locations of plastic events as a function of the index of the events. Averages are taken over
windows of ten events. Error bar at each window represents the standard deviation of the mean.
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